LeCture 3
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C ircuit modols are Simplistic (but povertul)
models of Fompﬁm‘/m based around

CO m,oos'/'-:‘iol’) ot a (kypiball)/)#l"\i"f-e set
of bes:C 0,0*’/4'”045 (a”ﬂcl aq“fpj’, Wires are

used to compose getes by Cornecting inpuis QL
outp uts.

(Cla ssical circuts)
In the class/cal Cireart /V\acléh

e The state of « b4 is Oor |
e The Stale of h biHs is a A/"*s"l'ffhj

X € $o,13
o« Computations are €unctions

€: 50,13 —> %0, 13"

We describe Eun r+/bns'9/a}oﬁ/rally Viq
circart diggrams

h 1npuis {:T_ N~ t}m o utputs




A gale compates d Cix€d €unction with q
Fixxed numbos ot inputs and out pyts

Ex.

]-Ae NOT 9a+€ COMPU"?S +the |-b.+ €unction
€(@= 7a=1&aq

Q—qc“i-"/'on mod 0D
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We draw the NOT gate as >

OfAr’/ ga‘h’.s ar-t
:D- (AND gate, fla,&=ab)
jD‘ (XOR gate, flo,b) = a @b)

(VO+P‘ AMD Oﬂcj XOR qre MUI"/pI,'m'I‘jo/' anc a‘“ﬁ"/ﬂ"
resp. In the Boolean Field Z, or )
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Cl'r(‘u,ﬁls are Created by connecting the
nput and output wires
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Ih ‘“'IP (‘IaSS’i(‘aI circuit MM€/7 wo ‘fyp/m(/y
ossume we Con Copy d bty called TANOUT

"9 (FANOUT)

U hi VfSali-}y
A Finde sel G of getes is unilerss|
[ € any Boolean furction £: fo, 3 —> fo,l}

Can be writter as a circart using only
9017"/5 toten €Con O
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| et € (0,5, = a(leb)c @&
Acircait For € over {/(MD,I NOT, X()QJ FA’NDW?

1S q
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TAm.
¢ AND, XOR, NOT, FANOUT? is universal
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B}’ f‘ndur‘f/'an oNn +henumbP/ ot i/\pwis A
+here are 2 unigue LyncdionS:

For ":‘7
q—a@
q D* 1&q

For n+l inputS, h2[, ve have +he 4pllowing egual Hy
F(XI 1779 Xl\)‘xhﬂ) - Uﬂ’X,.,,) \[o(x,,..-, Xa) QX,,'(,'(:(,:.. oy %)
We Can Thus imp/rmqm"‘ € g5 follows
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By the hypothes:s, To& €, Con each be writtfo,
over Th-e gaf-e Sel, So we're done TO

Note:
.Fo Z —(’, are (’a//PJ C’o‘@rﬁars O‘Fﬁ and

the expression tor € Via s Cotactors is called
+he Shannen expanSion of £



(Tmns/m‘ing between gate cots)

we can 1ranslate CircudsS written in one
ate set Fo another gate set by replacing gartes

) 41h eqv Jvalent Circur+s

E v /—\CI'VFW"IL l‘dw’l‘f'l"/’v
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Given two gatesets G, &6, ., i€ G, s

universal and every gate of &, Can be writen
as o Cj/(‘dl+ over &,' “f/\pn GQ IS dISD un,'(/.eyml

Ex.
{A’NDq XOR,, FA Nouts is unj verSa | b\/ the okoue

fNA f\ID,, FANOUTY 1S universal SIhee
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o = T > = D
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ASlQ/@ ’ n"‘llpl’p/g‘fgp{/‘phs
P/(’l/ious/y wé l'ﬂ‘l'#f,::m(*bd circuis MS/'I:\ﬁ ‘,‘f\{’
Boolean €iold ([, @) (rote thet §0,18 =T ).
E9' E:D—]]g-;__ “/npm;g,,q O‘Faga-/‘_( I'h
(3D-1-¢ the inta pretation

We could instoad interpret Circurls using |inear
algob/a by /'dmv‘/ﬁ/,‘rg the Stete of n bAs with @
umd ve Clor X ¥, Fﬂ"j and 3#?5 as lnear

o peraltofs €rom Ft:»"‘_9 .ﬁzqm

E)(, in The l.near in+P/P/f+a+,‘m.,

[—-1=[24] snce [? LJw=tew
[ =0-1=[s+5] o
Note that  [5542]loi = (607 U =[4]

coor | 11D = c;‘alooIJEJ :E‘OJ
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Reversibleo compd tation

*Recall thet physicel processes are reversitie

'T/'\P A—ND 9a“f’f‘ IS r\of' /PVP/5;be7 "N ‘Mf
Sehee 1 hot we cah t retrieve a X L -From b

9'9, € ab=0, then vhat are @ ard b)
= A formoiion 1S losi!

( L an o/a Uar"S P//n(‘iplp)
Erasing a Single brt ot prery dissipates o last
KB T Il‘\ & O"F Pﬂ@y info ‘|’Ap.p/.|/,'rm-'-

(A» reversible /AfND Lgﬁ‘fp?)

The AND function can be computed “revers, bl g
by 55‘//’\9 1he inPd‘/’S:

> ] AWDE
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I‘F we thirk of a Physif“al Preces opefa‘/inj o/
a Ciniite MPmory , 1Ais iS5 not reversible becawe
/4 may in volve ove rwriting someolhar bt to store ad

(The Toftoli gate)
Tommaso ToFfol) (19 80) P"Dloosf’d the TO‘(:GU 947/'{’

1000000 2°
9 9 ,9;3,133333 aS a matriX on H_:,?
5 b 28243562
C codab 3888238°}

as a reversihle hND oate completely conserving
in@mation (and hence reversible)



Usrng the To {6l gate, the AN[) gate

Cah b¢ iMP’pm{n‘}?d with the aid o an anc/lly
(0 b n & khowh State)

a 4
b b
[®) a'b

(me ‘rreverSible o reverss blp)
ve can make a classicel circuit-

a reversible onalog ve, 9 Ven enough ancillas

Ex.

Z‘:;Z.;—F‘D_Do.- s
c
A clascical circuit running in pace S end time T

Tha.
can be simulated by a reversible ciredit
rnning in .S‘Pat? O(S 1T) and time Q(T)

Lol ate S uniWIS‘a/ .
Tof+oli 9 ’ . 4 .
K ? o“ ? ( £ ' b Eb
qu | %IQQ b qeb o a-b
lacing Pach gate over & €inite 307".0 set fwkes
+ time 3 space overhead
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Ul\(‘ampd'la‘} fon

«Reversible computaiion kéeps allocaiing mere
ard more Spaff to Store fp,n/oorafy values

E.o Z’ T not reeded after
o a-b compdtirg a-b ¢
C c
fa) abC

e \eed Seme way to recla/m Space Without+
dissipaling éréryy

(The Beanett trick)
A€ ter o Computaiion i done, copy The
out put and reverse +the computation to

“Mnmmpu«re” any +PmP0/dry vorlues.,
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By intelmttently vaconputing, Space can bé reduced
a+ the expense of (potentially exponettial) €xtm time

| unconpule Stnge | UnComputing afler each
| e +empaary value
Vals S
(N - —
Meeory - T - - ==
‘— B aon o > @ =0 aw = W CED >
Time

Q+ Comp'ﬁ' artions
at the €irst level'

Thm. (Bennett 14 89)

T here exist prbbling sirategies to
Simulate an ireversible comp utation with
{ime T and space S reversioly wth

e Tine O(T'™9) ard spoce O(5 g T)
® Time O(T) and space OGTS)

(PfOJ'P(’Jf ideo: read Bennett’s pape” ahd
iMPI?nM"’ of G/\alyzf hs f:obbw‘gam-ﬁs Eor
a concrete class of Civ Cuts)



